Abstract-The kinetics of generating ultrashort light pulses by gain switching unbiased semiconductor lasers emitting relaxation oscillations is theoretically modeled and described using phase portraits. Biomolecular recombination processes and realistic injection current pulse shapes are incorporated in the model. Approximate analytical solutions of the rate equations are derived for high current injection. Laser pulse widths, pulse peak power, electrical to optical pulse delay times, and time difference to subsequent relaxation oscillations are computed. Their dependence on injection current to threshold current density ratio (J/Jt) and on material and laser design parameters is explicitly derived and is in good agreement with experiment. In particular the remarkable observation that the laser pulse width is broadly independent of the injection current rise and fall time can thus be understood.
INTRODUCTION I
N a recent paper [ 1 ] the generation of short light pulses by gain switching unbiased proton implanted GaAs/GaAlAs double heterostructure semiconductor lasers has been reported. The occurrence of relaxation oscillations is exploited. The pulse width (23 ps FWHM = full width at half-maximum) was found to be largely independent of the rise and fall times of the injection current density J , and is an order of magnitude shorter than these. A new technically simple way, as compared to mode locking for example, for generating probably even shorter pulses has thus been proved t o exist. Direct modulation of lasers might become particularly interesting for applications in optical fiber communication close to 1.3 pm, where fiber transmission is high and dispersion is close to zero, such that presence of more than one longitudinal mode does not limit the bit transmission rate.
In this paper, a theory is developed to describe the kinetics of pulse generation for high currents above threshold. Bimolecular recombination processes and realistic injection current pulse shapes are incorporated in the model.
Phase portraits are used for the first time here to visualize the solutions of the Manuscript received June 30, 1983; revised October 13, 1983 system of rate equations which describe the kinetics of photons and electrons under time-dependent injection current densities J(t). The phase portraits relate the temporal evolution of the number of charge carriers to the temporal evolution of the number of photons after application of a pulse or a step function until steady state is reached (if ever).
There exist many phenomenological rate equation models using linear [2] -[8] or nonlinear [9] -[ 171 , including bimolecular, recombination rates. Bimolecular band-to-band recombination is known to be dominant in GaAs which is not too strongly doped at room temperature [9] . The theory given below is based on a rate equation model developed recently by two of us under more general aspects [ 171 and extends it to some specific materials (semiconductors) and excitation conditions of practical importance.
In particular the time dependence of the external pumping rate P is taken explicitly into account.
Bimolecular band-to-band recombination is used. Consequently the electron life-time is not a constant, but depends on the electron concentration.
A merit of our model is that it is simple enough to give clear insight into the mechanism of the kinetics and sophisticated enough to allow for quantitative comparison with and prediction of experimental results. THE MODEL, SOME NUMERICAL SOLUTIONS AND A COMPARISON WITH EXPERIMENT
The following processes are taken into account:
i) Stimulated emission and absorption of rate gR. N is the photon density. g = l?(E -nth) is the gain. E is the electron concentration in the n-doped laser active region (No completely ionized donors). n t h is the electron concentration for which the difference of the electron and hole quasi-Ferrnilevels equals the bandgap. n t h defines the laser threshold for zero photon
ii 
Then the following normalized rate equations for the variation of the photon and the electron density are obtained to thermal equilibrium, where the electron density is equal to the doping concentration, and the photon density is negligible. Fig. l(a) represents the case of a step function injection current density. The time lag between the delayed response of the photon density and the instant increase of electron density is clearly shown. The relaxation oscillations and the decrease of their amplitude with increasing time towards a steady state value of the whole system can be clearly seen.
It should be noted that the current density chosen for this phase portrait is 8.6 times the threshold current. The highest value the electron density reaches (z 1.2 nt) is much below that ratio. 
The trajectory corresponding to the initial thermal equilibrium N = 0, n = f-' is shown, injection current pulse. A two-sided Gaussian is chosen, to allow for rise and decay times t, and tj, respectively, independent of each other. The normalized current density is
approximating well the experimentally used current shape. The same j , = 8.6 as in Fig. l(a) , t, = 250 ps and t f = 280 ps are used. The phase portrait shows that fewer relaxation oscillations occur, decaying faster in amplitude. Finally the system is drawn back in the phase plane from N 0, n I. to the initial point N = 0 , n = {-' along the n-axis. This corresponds to the decay of the electrons to thermal equilibrium on the slow time scale d-' by (1 b). During the first relaxation oscillation the current j ( t ) can safely be approximated by its maximum value j,. In order to obtain a pronounced first relaxation oscillation the time when the peak injection current occurs should roughly be equal to the delay time.
Already at first glance a comparison of the first relaxation oscillation of Fig. 1 (a) to the first relaxation oscillation of Fig.  1 (b) discloses a great similarity. Indeed numerical calculations with a large number of different injection current pulse shapes show that the shape of the laser pulses is largely independent of rise and fall times of the current. However, a strong dependence on the peak current and some of the intrinsic laser parameters is found. Fig. l(c) represents a phase portrait with the same injection current as in Fig. l(b) , but with different material IEEE JOURNAL OF QUANTUM ELECTRONICS, VOL.
QE-20, NO. 4, APRIL 1984 parameters. The donor concentration and the photon lifetime are chosen to be smaller in Fig. l(c) . These values are representative for the lasers used in our experiments. Since nt and No were given by the manufacturer up to an order of magnitude only [19] , we determined their exact values by fitting them such that the smallest value j , for which a laser pulse occurred agreed with the experimental value of j , = 6.7. Note that nt does not appear explicitly in our calculations as it only scales the occurring concentrations. Fig. 2 shows the normalized photon density of the laser pulses (relaxation oscillations) versus time for various peak currents j , and fall times tf: and the same material parameters as Fig. l(c) .
For a sufficiently slow current fall time tf and sufficiently large j , successive relaxation oscillations can also be produced [ Fig. 2(b)-(d) ] . During each of these, the current can again be approximated by an appro'priate constant value j < j,. Hence, the successive, if any oscillations are centered around phase points to be labeled (n", N"). Successively smaller N" are found according to (3) below. The peaks of these successive oscillations are the more pronounced the larger io, and the slower the current fall time tf is. They are completely suppressed for short tf [ Fig. 2(a) ] or small j , [Fig. 2(e) ]. This is shown in Fig. 2(a) -(c) where t f increases from 150-280 ps and in Fig. 2(c) -(e) where j , decreases from 8.6-6.7. The peak height of the oscillations falls faster than normal relaxation oscillations at constant j = j , would, and the FWHM of each of them becomes successively broader.
With increasing j , the full width at half maximum (tFWHM) of the first relaxation oscillation, the distance between subsequent oscillations T and the delay time T~ between current and photon pulse decrease, the peak power (proportional to the peak photon density N,,,) of the laser pulses on the other hand increases dramatically. Fig. 3(a)-(d) show explicitly the dependence of these four quantities on injection current density for a larger current range.
The independence of the shape of the first relaxation oscillation of the injection current pulse shape is in good agreement with the experimental findings of Klein et al. [ 1 ] .
In order to compare with the theoretical predictions for the j-dependence of t F W H M , T~, T , and N,,, we made a number of new experiments using the experimental set-up described in [I] . The transient photocurrent from a Schottky-diode was displayed on a fast sampling-oscilloscope (tr 20 ps). The overall response of the detection system was determined to have a FWHM of about 28 ps by means of a 2 ps pulse from a mode-locked dye laser. Since the measured signal (Fig. 4) is the convolution of the photon pulse N(t) with the response of the detection system, the pulse widths are significantly broadened. The results for T~ and T are included in Fig. 3 . Excellent agreement with theory is found. Due to lack of time resolution unfortunately no similar comparison can be yet made for FWHM and peak power, which are certainly the more important quantities from the point of view of applications. From the theoretical analysis it seems to be feasible to produce laser pulses narrower than 10 ps, having a peak power far beyond 1 w. (1) with the same material parameters as in Fig. l(c) . The injection current in modeled Gaussian according to (2) with to = 500 ps, T, . = 250 ps. 
ANALYTICAL SOLUTIONS
In order to gain deeper physical insight into the mechanism of the laser pulse generation, we shall try to obtain analytical expressions for the delay time and the width of the laser pulse. First, solutions of (1) in terms of phase portraits for the flow n(t) and N(t) (Fig. 1) are discussed in more detail.
Neglecting spontaneous emission into the lasing mode (b = 0), the steady state (n*, N * ) of (1) for a constant current is given
For fixed j , the flow of photons N(t) and of electrons nit)
is always directed towards the appropriate steady state, which is therefore always stable. The steady state is defined by the intersection of the curves = 0 and ri = 0, which are respectively N = O , n = 1 (4a) and
The question of the path in the (n, N)-plane by which the steady state (n*, N * ) is approached can be answered by linearizing (1) around this steady state and solving the rate equations explicitly in its neighborhood. If the discriminant
is positive, all trajectories spiral around a "focus" '(n", N * ) with angular frequency o =a. If A < 0, the steady state represents a "node," i.e., any trajectory approaches the steady state along one of two straight lines in the phase plane with different but fixed slope dNldn. In our model A = 0 singles out an injection current density j l 2 1 below which the steady state is a node and above which it is a focus. For physically reasonable parameters (d << 1) we find approximately jl 2 1. contrast to the standard phase portraits for autonomous systems of differential equations, a trajectory (n(t), N(t)> can intersect itself as shown in Fig. 1 (b) .
Initially, at t = 0 we have j = 0, and hence, by (3) the steady state is N* = 0, n* = {-I . As j increases, the steady state first moves along the n-axis, and then, above threshold, along the line n = 1, by (3) . The flow is directed away from the initial point N* = 0, n" = {-' , as indicated in Fig. 1 . The increase of photons by (la) is negligible as long as n < 1, and the electron number n(t) increases by (i b) with N 2 0. If the current density j ( t ) rises sufficiently fast on the time scale of the electronic transitions ( d -' ) , the phase point (n(t),N(t)) remains at sufficient distance from the actual steady state (n*,N*) in the phase plane, Le., ({ -l)j(t) >> {n(t)' -n(t). Hence, the recombination term in (lb) may be neglected, and n(t) is g~ven approximately by
where f ( t ) is the current shape fufiction. The delay time Td for the onset of the photon pulse can be defined by n ( T d ) = 1. Experimentally, it may be more appropriate to define Td by building up a certain minimum photon concentration, but this only shifts Td by a small quantity. For a square-shaped injection current it follows from (5)
In dimensional time units the delay time is (Dn,j,) -' . For an exponentially rising injection pulse ( f ( t ) = 1 -exp (-t/t,)) one finds for t, << T~ :
Quite generally the approximations [(6a)-(6c)] are valid for large io as used in our experiments. Due to the neglect of recombination the approximate delay times are slightly too small. For the parameters appropriate to our experiments [see caption of Fig. 1(c) ] the error as compared to the numerical solution [ Fig. 3(a) 
and period
( 8 1 In the linear approximation the first relaxation oscillation for h << w is almost an ellipse centered around the steady state Fig. 1 (a) ] it is obvious that the peak photon concentrationNmax is drastically increased by the nonlinearities in (1), such that the FWHM becomes essentially shorter than T/2. This effect is the stronger, the larger j , is. An approximation of the nonlinear FWHM can be computed by retaining, in the photon rate equation, in addition to the terms arising from the linearization around (n*> N * ) , the full nonlinear gain and loss terms. An exact first integral of the rate equations can then be obtained [20j . If the second integration is carried out approximately up to lowest order in the small parameter N*/6N, the following FWHM is found:
For Fig. %(c) , e&, this means tI?WHM e 0.4 T/2. Obviously this approximation is good if N*/(Nmax -N * ) is small, i.e., for a large overshoot ofNmax over N * , as is the case for large io. For the parameters appropriate to our experiments there is excellent agreement with the numerical result, the error being less than 6 percent for jo 2 7.6 in Fig. 3(c) .
Alternative approximations of tFWHM were given by Van der Ziel and Logan [21] for combined dc and microwave current injection.
Their analytical approximations are valid for dc currents close to threshold and are thus complementary to our calculations.
CONCLUSION
In conclusion? the kinetics of extremely short laser pulses and the dependence of their delay time, their width, the number and spacing of successive relaxation oscillations and the peak photon concentration upon the injection current j ( t ) and the electron and photon lifetimes can be readily understood from the above phase portrait analysis which used a novel technique for explicitly time-dependent rate systems. It is evident that the laser pulse width is not sensitive to a variation of the rise and fall times of the injection current as long as the rise time is smaller than the delay time of the laser pulse. Analytical approximations of the delay time and the FWHM have been obtained in the case of high peak injection currents well above threshold (J/J, > 7). Our analysis suggests that the FWHM decreases approximately as the inverse square root of the peak injection current (in excess of the threshold current).
We have also used other sets of material parameters in order to check the sensitivity of our numerical results to these values. For instance, we have varied the donor concentration in the range NO = 4 X 10'' * * . 1 X lo1' cmW3, which produced only slight changes in the pulse width (tFWHM = 6.5 . . . 
